Conservation laws in generalized Riemann-Silberstein electrodynamics 



Jan E. S. Bergman/ Q Siavoush M. Mohammadi,' Lars K. S. Daldorff/ Bo 

Thide,iQ Tobia D. Carozzi/ Roger L. Karlsson/'^ and Marcus Eriksson''^ 

^Swedish Institute of Space Physics, P.O.Box 537, SE-75121 Uppsala, Sweden 
^Department of Physics and Astronomy, Uppsala University, P. O. Box 516, SE-751 20 Uppsala, Sweden 
^Department of Physics and Astronomy, University of Glasgow, Glasgow G12 8QQ Scotland, United Kingdom 
Space Research Institute, Austrian Academy of Sciences, Schmiedlstrafie 6, A-8042 Graz, Austria 
^ Department of Mathematics, Uppsala University, P.O. Box 480, SE-751 06 Uppsala, Sweden 

Starting from positive and negative helicity Maxwell equations expressed in Riemann-Silberstein vectors, we 
derive the ten usual and ten additional Poincare invariants, the latter being related to the electromagnetic spin, 
i.e., the intrinsic rotation, or state of polarization, of the electromagnetic fields. Some of these invariants have 
apparently not been discussed in the literature before. 



The electromagnetic angular momentum and its relation 
to photon spin have been much debated [HI 0. El 01 ■ To 
help resolve this issue, we have derived conservation laws for 
Maxwell electrodynamics by using a generalized Riemann- 
Silberstein (RS) vector formalism [5, 6] that incorporates op- 
tical coherence theory itzi |8t]. In terms of RS vectors G± = 
E±icB, where E,B G are typically represented in a com- 
plex helical base, the Maxwell equations are 



laws 



V.G± = 



£0 



VxG± = ±i( ^^+Zoj 



(1) 
(2) 



where p,j e are the charge and current densities, respec- 
tively, and Zq = yjUo/io is the vacuum impedance. Defin- 
ing the electromagnetic energy and momentum densities as 
H± = eoG± • G*J2 and K± = TeoIm{G± x G^} /(2c), re- 
spectively, one can easily derive the conservation laws 



^+c2v.K± + Re{j.Gi}=0, 



-V.f±+f^s = 0, 



(3) 
(4) 



where = Re {cpG^ ±ij x G^-} /c are electromechanical 
force densities, coined Riemann-Silberstein force densities, 
and the stress tensors are = 8''H± — eoRe |G'-tG4*|. 

Introducing the field energy density u = eo(E -E* +c^B • 
B*)/2; the linear momentum density p = eoRe{ExB*}; 
the Maxwell stress tensor T = (T+ +T_)/2; the Lorentz 
force density fLo^ntz _ Re{pE*+j xB*}; the spin energy 
density w = Im{E-B*}/Zo; the spin momentum density 
V= -eoIm{ExE*+c2BxB*}/(2c); the spin force den- 
sity f^P'" — Im{cpB* - j x E*/c}; and the spin stress tensor 
U — (T+ — T_)/2, summing and subtracting the two conser- 
vation laws in ([3]), and summing and subtracting the two con- 
servation laws in (|4]i, we obtain the following conservation 



|^+c2v.p + Re{j-E*}=0, 
dt 



dp 

dt 



-V-T + f- 



Lorentz 



0, 



_ + V.V + Im{j.B*}=0, 



ay 

dt 



V-U + fP'" = 0, 



(5) 
(6) 
(7) 
(8) 



respectively |0, 13, Ul- The conservation laws ^ and ([8]) in- 



volving the spin momentum density pseudovector V, which is 
a three-dimensional generalization of the standard 2D Stokes 
parameter V ll llll2ll . seem to have gone largely unnoticed un- 
til now. Note that for linearly polarized fields, E,B £ R^^ and 
V = 0. For circularly polarized fields E = ±icB and p = ±V. 
If the field is monochromatic, then the spin angular momen- 
tum (SAM) density is s = cV/o and the electromagnetic spin 
torque density is t'P'" = cf'P'"/co jl3ill4il5|l. 

Using the conservation laws Eqs. Q and (|4|i, the energy 
and momentum can be written as H± = m ± v, K± = p ± V and 
fRS ^ f Lorentz spin j^:^^ elucidates the difference in handed- 
ness between G+ and G_, which are linearly independent un- 
der Lie transformations |fl6ll . We interpret G± as wave fields 
of positive and negative helicity x = ^ ' P/ IpP^ manifesting 
the well-known fact that left and right handed polarized fields 
represent two different helicities llTIl : — ±1 for E = ±icB. 

The interpretation of the RS vector as a photon wave func- 
tion was suggested by many authors How- 
ever, for E,B G R^ the wave functions G± collapse since 
in that case G± = Gt. This special case has been studied 



1 1/71 121|, |22|, |23l |24|, |25|] in relation to RS vortices, which are 
solutions to (E + icB)^ = 0, referred to as vortex lines. 

Let us consider a right-hand circularly polarized wave im- 
pinging upon two different optical elements, as depicted in 
Fig. [U (a) a A/2 plate, and (b) a reflector According to 
Eq. (|6]l, the Lorentz force interaction corresponds to a change 
in EM linear momentum density, Ap, and Eq. (O yields a spin 
force interaction corresponding to the change in SAM den- 
sity. As. The interaction with the A/2 plate is an example of a 
non-Lie transformation; the corresponding Jones matrix 12611 
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(a) 





FIG. 1: Right-hand circularly polarized light, depicted by spirals, 
impinging from the left onto (a) a A/2 plate, (b) a reflector. The p ar- 
rows indicate the changes in linear momentum and the V = fcs arrows 
indicate the spin angular momentum changes due to the interactions. 



has a vanishing trace. In this case there is no transfer of linear 
momentum, Ap = 0, but a torque proportional to As — 2s is ex- 
erted. This example corresponds to the Beth experiment 1 14]. 
For the reflector case, p, being a polar vector, changes sign 
and Ap = 2p. However, s is a pseudovector, which does not 
change sign under reflexion which means that As — 0. In view 
of this, we propose that Beth's experiments Iil4] be repeated 
with elliptically polarized waves. One should then observe a 
torque proportional to 2s rather than Ip/k. If successful, such 
an experiment would give direct evidence of the availability of 
the electromagnetic spin torque density t'^P". The above ex- 
ample could easily be repeated from an energy conservation 
perspective based on Eq. ^ and Eq. 

The demonstrated conservation of H± and K± form the ba- 
sis of our theory. The corresponding conservation laws are 
quite general, but in order to give a more complete description 
of electromagnetic interactions, we consider classical angular 
momentum conservation, where the longitudinal field com- 
ponents play a crucial role. We take Eq. (01 as our starting 
point and cross multiply it with the position vector r from the 
left. Since T± are symmetric, the resulting angular momen- 
tum conservation laws can be written 



^(rxK,) 



-V-(rxf±)+rxf; 



RS 



0. 



(9) 



From their sum, one obtains the well-known EM field angular 
momentum conservation law 



dt 



V M+r xf 



Lorentz 



0, 



(10) 



where J = r x p is the angular momentum density, and 
M = r X T is the angular momentum flux tensor |27]. By tak- 
ing the difference of the two equations in Eq. and intro- 
ducing N = r X V, which we interpret as the spin-orbit angular 
momentum (SOAM) density, and = r x U, which we inter- 
pret as the SOAM flux tensor, we obtain the conservation law 



^+V-O + rxrP'"=0. 
dt 



(11) 



which, to the best of our knowledge, has not been derived be- 
fore. As in solid body mechanics, the spin angular momentum 



can be viewed as the intrinsic rotation of the fields and the 
orbital angular momentum (OAM) as their precession. The 
SOAM would then correspond to their nutation. 

In analogy with Eq. (3.30) in Ref. |2^ one can derive the 
virial theorem 

^^^3^^ + V.(r-T±)-H±+r.ff = 0. (12) 
at 

Summation and subtraction of the two hehcity components 
yield 



dt 

d{r-\) 
dt 



V.(r-T)-M + r-fL°™'^ = 0, (13) 
+ V-(r-U)-vv' + r-rP'" = 0. (14) 



A commonly accepted interpretation of Beth's experimen- 
tal results ifTill was given in Ref. 28 where it is argued that 
the finite extent of the waveplate leads to sharp intensity gra- 
dients, and thus strong parallel field components, attributed to 
a non-vanishing angular momentum |29]. However, a bound- 
ary effect of this kind would be geometry dependent, which 
is physically unsatisfactory. E.g., in Feynman's exarnple of 
circularly polarized light interacting with a free atom 13011 . it 
is difficult to even define a boundary. Yet, an absorption is 
followed by an emission of light with unchanged polarization, 
just as in our reflector example in Fig. [TJ). Another example 
is radio, where wave polarization can be measured in a single 
point with an infinitesimally small antenna. Hence, SAM can 
be detected even though the sensor is much smaller than the 
wavelength. In the model presented here, the result can be ex- 
plained as a transfer of SAM. So far, one has not been able to 
separate spin angular momentum and orbital angular momen- 
tum other than for beam geometries |31]. But Eqs. dHJ and 
([Tol l show that, classically, angular momentum and SAM are 
conserved independently of each other, so that the separation 
is indeed always possible. An alternative method of separation 
is to directly make use of G±, where the spin is embedded. 
The only separation is then with respect to helicity = ± 1 . 
Thereafter, electromagnetic energy, momentum, and angular 
momentum can be unambiguously defined through their re- 
spective conservation laws, Eqs. ([3]l, (|4]l, and (|9]l. 

The remaining three Poincare invariants are contained in 
the center of energy (CE) vector jj^l • Two CE conservation 
laws for positive and negative helicity fields can be derived by 
multiplying Eqs. ^ with r and ^ with c^t, which yields 

^ (r//± - c2fK±) + • (rK± - f f ±) 



Re|^G;±iZorjxGi-Mor(j-Gy } . (15) 



In vacuum, expressions for the energy and momentum propa- 
gation velocities can be derived MM- Assuming them equal, 
it follows that both right- and left-handed photons propagate 
with the speed of light, c. By forming linear combinations of 
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the CE conservation laws in Eq. ( fTSl ). the field and spin CE 
conservation laws in vacuum are found to be 

4-(rM-c2rp)+c2V-(rp-fT)=0, (16) 
at 

4-(rv-c2fV)+c2V-(rV-fU)==0. (17) 
at 

As demonstrated above, using the framework of gener- 
alized RS electrodynamics we have been able to derive all 
Poincare invariants. However, there exist other quadratic 
forms of the RS fields that should be mentioned. Reactive but 
Lorentz invariant observables, obeying non-conservation laws 
11271], can be derived by examining forms which are quadratic 



in G± and G^. The Lorentz scalars eo(E • E* - c^B • B*)/2 
and Re{E B*} /Zq, and the imaginary part of the complex 
linear momentum vector eoIm{E x B*} are important exam- 
ples. Similarly, "instantaneous" quantities, conserved and 
non-conserved, can be derived by considering forms quadratic 
in G±, G^, and G±, G±, respectively. The theory can be 
generalized to incorporate a magnetic charge density, Pm, 
and current densityjm, by introducing p± = Pe iipm/c and 
j± = je zbijm/c Il33ll . Sometimes referred to as the Beltrami 
charge and current densities fi^ . 

In conclusion, based on the assumption of an analytic con- 
tinuation of the fields so that E,B e C^, we have introduced 
generalized RS vectors G± that are interpreted as wave func- 
tions describing fields of positive and negative helicity. This 
has allowed us to derive the two sets of Poincare invariants 
{i/±,K±,r X K±, {rH± — c^fK±)} and their associated con- 
servation laws, Eqs. (O, (|4]i, (|9]l, and (ITSl l. respectively. All 
well-known EM observables are contained in these sets as lin- 
ear combinations of the two versions, but some are less well 
known or seem to have gone unnoticed. Eq. (|7]i, the spin- 
energy equivalent to the Poynting theorem Eq. (|5]l, are among 
these. The SOAM conservation law, Eq. (ITTl ). and the spin CE 
conservation law Eq. ( ITtI i. as well as the spin virial theorem 
Eq. (O, are, to the best of our knowledge, given here for the 
first time. 
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